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7KH GHVLJQ RI VDIH JURXQGLQJ V\VWHPV LQ HOHFWULFDO LQVWDOODWLRQV LV HV
VHQWLDO WR DVVXUH WKH VHFXULW\ RI WKH SHUVRQV WKH SURWHFWLRQ RI WKH HTXLS
PHQW DQG WKH FRQWLQXLW\ RI WKH SRZHU VXSSO\ > @  ,Q RUGHU WR DFKLHYH
WKHVH JRDOV LW LV QHFHVVDU\ WR FRPSXWH WKH HTXLYDOHQW HOHFWULFDO UHVLVWDQFH
RI WKH V\VWHP DQG WKH SRWHQWLDO GLVWULEXWLRQ RQ WKH HDUWK VXUIDFH ZKHQ D
IDXOW FRQGLWLRQ RFFXUV :KLOH RQO\ FUXGH DSSUR[LPDWLRQV ZHUH DYDLODEOH EH
IRUH WKH 
V VRPH LQWXLWLYH PHWKRGV > @ KDYH EHHQ SURSRVHG LQ WKH 
V
DQG WKH 
V 7KHVH QRQULJRURXVO\ HVWDEOLVKHG PHWKRGV DUH ZLGHO\ XVHG WR
FRPSXWH VPDOO DQG PHGLXP VL]H LQVWDOODWLRQV LQ VSLWH RI WKH SUREOHPV WKDW
KDYH EHHQ UHSRUWHG >@  2Q WKH RWKHU KDQG WKH DXWKRUV KDYH GHYHORSHG
D %(0 QXPHULFDO IRUPXODWLRQ WKDW KDV SURYHG WR SURGXFH KLJKO\ DFFXUDWH
UHVXOWV LQ WKH HDUWKLQJ DQDO\VLV RI ODUJH UHDO JURXQGLQJ V\VWHPV ZLWK XQL
IRUP >@ DQG VWUDWLqHG VRLO PRGHOV >@  $W SUHVHQW VLQJOHOD\HU PRGHOV UXQ
LQ UHDOWLPH LQ SHUVRQDO FRPSXWHUV ZKLOH PXOWLSOHOD\HU PRGHOV EUHDN Rp WKH
GHVLJQ SURFHVV VLQFH WKH FRPSXWLQJ WLPH LV QRW FRQWHPSWLEOH  ,Q WKLV SD
SHU ZH SUHVHQW RXU %(0 IRUPXODWLRQ IRU WKH DQDO\VLV RI JURXQGLQJ V\VWHPV
HPEHGGHG LQ VWUDWLqHG VRLOV DQG ZH GLVFXVV WKH NH\ SRLQWV RI LWV LPSOHPHQ
WDWLRQ LQ D KLJKSHUIRUPDQFH SDUDOOHO FRPSXWHU +33&  7KH IHDVLELOLW\ RI
WKLV DSSURDFK LV GHPRQVWUDWHG E\ LWV DSSOLFDWLRQ WR WKH DQDO\VLV RI D UHDO
JURXQGLQJ V\VWHP ZLWK D WZROD\HU VRLO PRGHO $V ZH H[SHFWHG WKH VSHHGXS
RI WKH DOJRULWKP LQFUHDVHV ZKHQ WKH QXPEHU RI SURFHVVRUV GRHV LQ DFFRU
GDQFH ZLWK WKH WKHRUHWLFDO SUHGLFWLRQV 7KHUHIRUH WKH SURSRVHG PXOWLOD\HU
%(0 IRUPXODWLRQ FRXOG EHFRPH D UHDOWLPH GHVLJQ WRRO LQ D FORVH IXWXUH
ZKHQ KLJKSHUIRUPDQFH SDUDOOHO FRPSXWLQJ EHFRPHV D ZLGHVSUHDG UHVRXUFH
LQ HQJLQHHULQJ GHVLJQ
 ,Q WU R G X F WLR Q
)DXOW FXUUHQWV GLVVLSDWLRQ LQWR WKH HDUWK FDQ EH VWXGLHG E\ PHDQV
RI 0D[ZHOO
 V (OHFWURPDJQHWLF 7KHRU\ >@  7KXV UHVWULFWLQJ WKH DQDO
\VLV WR WKH HOHFWURNLQHWLF VWHDG\VWDWH UHVSRQVH DQG QHJOHFWLQJ WKH
LQQHU UHVLVWLYLW\ RI WKH HDUWKLQJ FRQGXFWRUV WKHQ SRWHQWLDO FDQ EH
DVVXPHG FRQVWDQW LQ HYHU\ SRLQW RI WKH JURXQGLQJ HOHFWURGH VXUIDFH 
WKH ’ SUREOHP FDQ EH ZULWWHQ DV
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EHLQJ ( WKH HDUWK DQG r LWV FRQGXFWLYLW\ WHQVRU c( WKH HDUWK VXUIDFH
DQG Q ( LWV QRUPDO H[WHULRU XQLW qHOG DQG c WKH HOHFWURGH VXUIDFH >@ 
6ROXWLRQ WR  JLYHV SRWHQWLDO 9 DQG FXUUHQW GHQVLW\  DW DQ DUELWUDU\
SRLQW [ ZKHQ WKH HOHFWURGH DWWDLQV D YROWDJH 9 c *URXQG 3RWHQWLDO
5LVH RU *35 ZLWK UHVSHFW WR UHPRWH HDUWK 7KHQ IRU NQRZQ YDOXHV
RI 9 RQ c( DQG  RQ c LW LV VWUDLJKWIRUZDUG WR REWDLQ WKH GHVLJQ DQG
VDIHW\ SDUDPHWHUV RI WKH JURXQGLQJ V\VWHP LH  WKH VWHS DQG WRXFK
YROWDJH DQG WKH HTXLYDOHQW UHVLVWDQFH RI WKH V\VWHP > @  2Q WKH
RWKHU KDQG VLQFH 9 DQG  DUH SURSRUWLRQDO WR WKH *35 YDOXH WKH
QRUPDOL]HG ERXQGDU\ FRQGLWLRQ 9 c   ZLOO EH XVHG IURP KHUH RQ
0RVW RI WKH DYDLODEOH PHWKRGV DUH EDVHG RQ WKH DVVXPSWLRQ WKDW
VRLO FDQ EH FRQVLGHUHG KRPRJHQHRXV DQG LVRWURSLF +HQFH r LV VXE
VWLWXWHG E\ DQ DSSDUHQW VFDODU FRQGXFWLYLW\ r  WKDW PXVW EH H[SHUL
PHQWDOO\ REWDLQHG > @  2EYLRXVO\ WKLV K\SRWKHVLV GRHV QRW LQWURGXFH
VLJQLqFDQW HUURUV LI WKH VRLO LV HVVHQWLDOO\ XQLIRUP ERWK LQ KRUL]RQWDO
DQG YHUWLFDO GLUHFWLRQV LQ WKH VXUURXQGLQJV RI WKH JURXQGLQJ JULG > @ 
1HYHUWKHOHVV SDUDPHWHUV LQYROYHG LQ WKH GHVLJQ RI JURXQGLQJ V\V
WHPV FDQ VLJQLqFDQWO\ FKDQJH DV VRLO FRQGXFWLYLW\ YDULHV WKURXJK WKH
VXEVWDWLRQ VLWH 7KHUHIRUH LW VHHPV QHFHVVDU\ WR GHYHORS DGYDQFHG
PRGHOV WKDW FRXOG WDNH LQWR DFFRXQW YDULDWLRQV RI VRLO FRQGXFWLYLW\ LQ
WKH VXUURXQGLQJV RI WKH JURXQGLQJ VLWH 2EYLRXVO\ FRQVLGHULQJ WKH
UHDO YDULDWLRQ RI WKH VRLO FRQGXFWLYLW\ LQ WKH YLFLQLW\ RI D JURXQGLQJ
V\VWHP ZRXOG QHYHU EH DpRUGDEOH QHLWKHU IURP WKH HFRQRPLFDO QRU
IURP WKH WHFKQLFDO SRLQW RI YLHZ $ PRUH SUDFWLFDO DSSURDFK DQG
VWLOO TXLWH UHDOLVWLF ZKHQ FRQGXFWLYLW\ LV QRW PDUNHGO\ XQLIRUP ZLWK
GHSWK FRQVLVWV RI FRQVLGHULQJ WKH VRLO VWUDWLqHG LQ D QXPEHU RI KRUL
]RQWDO OD\HUV 7KHQ HDFK OD\HU LV GHqQHG E\ DQ DSSURSULDWH WKLFNQHVV
DQG DQ DSSDUHQW VFDODU FRQGXFWLYLW\ WKDW PXVW EH H[SHULPHQWDOO\
REWDLQHG ,Q IDFW LW LV ZLGHO\ DFFHSWHG WKDW WZROD\HU RU HYHQ WKUHH
OD\HU VRLO PRGHOV VKRXOG EH VXsFLHQW WR REWDLQ JRRG DQG VDIH GHVLJQV
RI JURXQGLQJ V\VWHPV LQ PRVW SUDFWLFDO FDVHV > @ 
,I RQH FRQVLGHUV WKDW WKH VRLO LV IRUPHG E\ & KRUL]RQWDO OD\HUV
HDFK RQH ZLWK D GLpHUHQW FRQGXFWLYLW\ DQG WKH JURXQGLQJ HOHFWURGH
LV EXULHG LQ WKH OD\HU E  PDWKHPDWLFDO SUREOHP  FDQ EH ZULWWHQ LQ
WHUPV RI WKH IROORZLQJ 1HXPDQQ H[WHULRU SUREOHP >@
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ZKHUH ( F LV HDFK RQH RI WKH VRLO OD\HUV r F LV WKH VFDODU FRQGXFWLYLW\
RI OD\HU ( F  9 F LV WKH SRWHQWLDO DW DQ DUELWUDU\ SRLQW RI OD\HU ( F DQG
 F LV WKH FRUUHVSRQGLQJ FXUUHQW GHQVLW\ cF LV WKH LQWHUIDFH EHWZHHQ
OD\HUV ( F DQG ( F  DQG Q F LV WKH QRUPDO qHOG WR cF 
 9 D U LD WLR Q D O 6 WD WH P H Q W R I WK H 3 U R E OH P
,Q PRVW RI UHDO HOHFWULFDO VXEVWDWLRQV JURXQGLQJ V\VWHPV FRQVLVW
RI D JULG RI LQWHUFRQQHFWHG EDUH F\OLQGULFDO FRQGXFWRUV KRUL]RQWDOO\
EXULHG DQG VXSSOHPHQWHG E\ URGV ZKLFK UDWLR GLDPHWHUOHQJWK XVHV
WR EH UHODWLYHO\ VPDOO z b   2EYLRXVO\ LW LV QRW SRVVLEOH WR REWDLQ
DQDO\WLFDO VROXWLRQV WR SUREOHPV ZLWK WKLV NLQG RI JHRPHWU\ DQG WKH
XVH RI QXPHULFDO WHFKQLTXHV VXFK DV )’ RU )( VKRXOG LQYROYH D FRP
SOHWHO\ RXW RI UDQJH FRPSXWLQJ HpRUW VLQFH GLVFUHWL]DWLRQ RI WKH ’
GRPDLQV ( F LV H[WUHPHO\ KDUG 7KHUHIRUH WDNLQJ LQWR DFFRXQW WKDW
FRPSXWDWLRQ RI SRWHQWLDO LV RQO\ UHTXLUHG RQ c( DQG WKH HTXLYDOHQW
UHVLVWDQFH FDQ EH HDVLO\ REWDLQHG LQ WHUPV RI WKH OHDNDJH FXUUHQW GHQ
VLW\  RQ c    WQ  EHLQJ Q WKH QRUPDO H[WHULRU XQLW qHOG WR c 
ZH WXUQ RXU DWWHQWLRQ WR D %RXQGDU\ (OHPHQW DSSURDFK ZKLFK ZRXOG
RQO\ UHTXLUH WKH GLVFUHWL]DWLRQ RI WKH JURXQGLQJ VXUIDFH c >@ 
,I RQH WDNHV LQWR DFFRXQW WKDW WKH VXUURXQGLQJV RI WKH VXEVWD
WLRQ VLWH DUH OHYHOOHG DQG UHJXODUL]HG GXULQJ LWV FRQVWUXFWLRQ L H  WKH
HDUWK VXUIDFH c( DQG WKH LQWHUIDFHV cF FDQ EH DVVXPHG KRUL]RQWDO 
WKH DSSOLFDWLRQ RI WKH ?PHWKRG RI LPDJHV DQG *UHHQ
V ,GHQWLW\ WR
SUREOHP  \LHOGV WKH IROORZLQJ LQWHJUDO H[SUHVVLRQ >@ IRU SRWHQWLDO
9 F[ F  DW DQ DUELWUDU\ SRLQW [ F  ( F  LQ WHUPV RI WKH XQNQRZQ OHDNDJH
FXUUHQW GHQVLW\  }  DW DQ\ SRLQW } RI WKH HOHFWURGH VXUIDFH c | ( E 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ZKHUH LQWHJUDO NHUQHOV N EF[ F}  DUH IRUPHG E\ LQqQLWH VHULHV RI WHUPV
FRUUHVSRQGLQJ WR WKH UHVXOWDQW LPDJHV REWDLQHG ZKHQ 1HXPDQQ H[WH
ULRU SUREOHP  LV WUDQVIRUPHG LQWR D ’LULFKOHW RQH >@  7KLV ZHDNO\
VLQJXODU NHUQHO GHSHQGV RQ WKH FRQGXFWLYLW\ RI WKH OD\HUV DV PXFK DV
RQ WKH LQYHUVH RI WKH GLVWDQFHV IURP WKH SRLQW [ F WR WKH SRLQW } DQG
WR DOO WKH LPDJHV RI } ZLWK UHVSHFW WR WKH HDUWK VXUIDFH c( DQG WR WKH
LQWHUIDFHV cF EHWZHHQ OD\HUV >@  ,Q IDFW WKHVH LQWHJUDO NHUQHOV FDQ EH
ZULWWHQ LQ WKH JHQHUDO IRUP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ZKHUH  O LV D ZHLJKWLQJ FRHsFLHQW WKDW RQO\ GHSHQGV RQ D FHUWDLQ
UDWLR  WKDW LV GHqQHG LQ WHUPV RI WKH OD\HU FRQGXFWLYLWLHV IRU WKH
WZROD\HU VRLO PRGHO FDVH   r  b r    r   r     DQG U [ F} O}  
LV WKH (XFOLGHDQ GLVWDQFH EHWZHHQ WKH SRLQWV [ F DQG }
O EHLQJ }  WKH
SRLQW } RQ WKH HOHFWURGH VXUIDFH }  }   }   DQG EHLQJ } O O   WKH
LPDJHV RI } ZLWK UHVSHFW WR WKH HDUWK VXUIDFH DQG WR WKH LQWHUIDFHV
EHWZHHQ OD\HUV ([SOLFLW H[SUHVVLRQV RI WKHVH NHUQHOV IRU WKH WZROD\HU
VRLO PRGHO FDQ EH IRXQG LQ >@ 
([SUHVVLRQ  DOVR KROGV RQ c ZKHUH SRWHQWLDO LV JLYHQ E\ WKH
ERXQGDU\ FRQGLWLRQ 9 E       c  7KHUHIRUH WKH OHDNDJH
FXUUHQW GHQVLW\  PXVW VDWLVI\ D )UHGKROP LQWHJUDO HTXDWLRQ RI WKH
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ZKLFK PXVW KROG IRU DOO PHPEHUV Z   RI D VXLWDEOH FODVV RI WHVW
IXQFWLRQV GHqQHG RQ c >@  2EYLRXVO\ D %RXQGDU\ (OHPHQW DSSURDFK
VHHPV WR EH WKH ULJKW FKRLFH WR VROYH HTXDWLRQ  
 1 X P H U LF D O ) R U P X OD WLR Q
  * H Q H U D O  ’ E R X Q G D U \ H OH P H Q W J H Q H U D O D S S U R D F K
7KH OHDNDJH FXUUHQW GHQVLW\  WKDW rRZV IURP WKH JURXQGHG HOHF
WURGH DQG WKH HOHFWURGH VXUIDFH c FDQ EH GLVFUHWL]HG DV IROORZV
 } 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IRU JLYHQ VHWV RI 1 WULDO IXQFWLRQV I 1 L}  J GHqQHG RQ c DQG 0 WZR
GLPHQVLRQDO ERXQGDU\ HOHPHQWV Icp J  7KHQ WDNLQJ LQWR DFFRXQW WKDW
NHUQHOV  DUH JLYHQ E\ VHULHV LQWHJUDO H[SUHVVLRQ  IRU SRWHQWLDO
9 F[ F  FDQ DOVR EH GLVFUHWL]HG DV
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ZKHUH O9 UHSUHVHQWV WKH QXPEHU RI WHUPV WKDW LV QHFHVVDU\ WR FRQVLGHU
XQWLO FRQYHUJHQFH LV DFKLHYHG
)XUWKHUPRUH IRU D JLYHQ VHW RI 1 WHVW IXQFWLRQV I Z M  J GHqQHG
RQ c YDULDWLRQDO IRUP  LV UHGXFHG WR WKH IROORZLQJ OLQHDU V\VWHP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ZKHUH O5 UHSUHVHQWV WKH QXPEHU RI WHUPV WKDW LV QHFHVVDU\ WR FRQVLGHU
XQWLO FRQYHUJHQFH LV DFKLHYHG
$W WKLV SRLQW LW LV LPSRUWDQW WR UHPDUN WKDW V\VWHP  LV WKH
NH\ WR VROYH WKH SUREOHP VLQFH LWV VROXWLRQ SURYLGHV WKH YDOXHV RI
WKH XQNQRZQV  L L  1   WKDW LV QHFHVVDU\ WR FRPSXWH WKH
SRWHQWLDO DW DQ\ SRLQW RQ WKH HDUWK VXUIDFH  DQG WKH OHDNDJH FXUUHQW
GHQVLW\   DQG DOO WKH GHVLJQ DQG VDIHW\ SDUDPHWHUV RI WKH JURXQGLQJ
V\VWHP >@  +RZHYHU WKH VWDWHPHQW RI OLQHDU V\VWHP  UHTXLUHV WKH
GLVFUHWL]DWLRQ RI D ’ GRPDLQ WKH ZKROH VXUIDFH c RI WKH JURXQGLQJ
HOHFWURGHV  ZKLFK LQYROYHV D ODUJH QXPEHU RI GHJUHHV RI IUHHGRP LQ
SUDFWLFDO FDVHV %HVLGHV WKH PDWUL[ LV IXOO DQG WKH FRPSXWDWLRQ RI LWV
FRHsFLHQWV UHTXLUHV WR SHUIRUP GRXEOH LQWHJUDWLRQ RQ ’ GRPDLQV
)RU DOO WKHVH UHDVRQV LW LV QHFHVVDU\ WR LQWURGXFH VRPH DGGLWLRQDO
K\SRWKHVHV LQ RUGHU WR GHFUHDVH WKH FRPSXWDWLRQDO FRVW
  $ S S U R [ LP D WH G  ’ E R X Q G D U \ H OH P H Q W D S S U R D F K
7DNLQJ LQWR DFFRXQW WKH UHDO JHRPHWU\ RI JURXQGLQJ V\VWHPV LQ
SUDFWLFDO FDVHV ZH LQWURGXFH DQ DVVXPSWLRQ WKDW LV ZLGHO\ XVHG LQ
PRVW RI WKH WKHRUHWLFDO GHYHORSPHQWV LQ JURXQGLQJ DQDO\VLV WKH K\
SRWKHVLV RI FLUFXPIHUHQWLDO XQLIRUPLW\ 7KXV WKH OHDNDJH FXUUHQW GHQ
VLW\  LV DVVXPHG FRQVWDQW DURXQG WKH FURVV VHFWLRQ RI WKH F\OLQGULFDO
FRQGXFWRUV RI WKH JULG > @  7KHUHIRUH GLVFUHWL]DWLRQV  DQG  EH
FRPH PXFK VLPSOHU VLQFH WKH FODVVHV RI WHVW DQG WULDO IXQFWLRQV DUH
UHVWULFWHG WR WKRVH ZLWK FLUFXPIHUHQWLDO XQLIRUPLW\ ZKLOH RQO\ WKH
D[LDO OLQHV RI WKH JURXQGLQJ HOHFWURGHV KDYH WR EH GLVFUHWL]HG >@ 





M WKDW ZH QHHG WR FRPSXWH LQ RUGHU
WR VWDWH OLQHDU V\VWHP   DV PXFK DV WKH QXPEHU RI XQNQRZQV  L
DUH PXFK ORZHU +HQFH WKH FRPSXWDWLRQDO ZRUN UHTXLUHG WR VROYH
D UHDO SUREOHP E\ PHDQV RI WKLV DSSUR[LPDWHG ’ %(0 YHUVLRQ LV
GUDVWLFDOO\ UHGXFHG ZLWK UHVSHFW WR WKH JHQHUDO ’ %(0 IRUPXOD
WLRQ +RZHYHU H[WHQVLYH FRPSXWLQJ LV VWLOO UHTXLUHG PDLQO\ EHFDXVH
RI WKH GRXEOH LQWHJUDWLRQ RQ ’ GRPDLQV WKDW LV QHFHVVDU\ WR REWDLQ
HOHPHQW FRQWULEXWLRQV  DQG   %\ PHDQV RI VXLWDEOH VLPSOLqFD
WLRQV >@  FLUFXPIHUHQWLDO LQWHJUDWLRQ FDQ EH HDVLO\ DYRLGHG +RZHYHU
WKH FRPSXWDWLRQ RI WKH UHPDLQLQJ LQWHJUDOV LV QRW REYLRXV ,Q IDFW
WKH XVH RI QXPHULFDO TXDGUDWXUHV LV SUHFOXGHG GXH WR WKH XQGHVLUDEOH
EHKDYLRXU RI WKH LQWHJUDQGV 7KH H[SUHVVLRQV RI WHUPV 9 p OFL DQG 5
q p O
ML
LQ  DQG  DUH IRUPDOO\ HTXLYDOHQW WR WKRVH REWDLQHG LQ WKH FDVH
RI XQLIRUP VRLO PRGHOV 7KH DXWKRUV KDYH GHULYHG KLJKO\ HsFLHQW DQ
DO\WLFDO LQWHJUDWLRQ WHFKQLTXHV WR FRPSXWH WKLV NLQG RI WHUPV LQ WKH
FDVH RI FRQVWDQW OLQHDU DQG SDUDEROLF OHDNDJH FXUUHQW HOHPHQWV >@ 
7KHUHIRUH WHUPV  DQG  FDQ EH FRPSXWHG E\ PHDQV RI H[SOLFLW
IRUPXODH >@ 
)XUWKHU GLVFXVVLRQ LV UHVWULFWHG WR WKH FDVH RI D *DOHUNLQ W\SH
IRUPXODWLRQ LQ ZKLFK WKH PDWUL[ RI FRHsFLHQWV LQ  LV V\PPHWULF
DQG SRVLWLYH GHqQLWH >@  7KH H[DPSOH SUHVHQWHG LQ WKLV SDSHU FRU
UHVSRQG WR D WZROD\HU VRLO PRGHO 2EYLRXVO\ WKLV %(0 IRUPXODWLRQ
FDQ EH DSSOLHG WR DQ\ RWKHU FDVH ZLWK D KLJKHU QXPEHU RI OD\HUV
+RZHYHU &38 WLPH PD\ LQFUHDVH H[SRQHQWLDOO\ PDLQO\ EHFDXVH RI
WKH SRRU UDWH RI FRQYHUJHQFH RI WKH XQGHUO\LQJ VHULHV H[SDQVLRQV
  2 Y H U D OO H s F LH Q F \ D Q G 3 D U D OOH OL] D WLR Q R I WK H D OJ R U LWK P
:LWK UHJDUG WR WKH RYHUDOO FRPSXWDWLRQDO FRVW IRU D JLYHQ GLV
FUHWL]DWLRQ 0 HOHPHQWV RI S QRGHV HDFK DQG D WRWDO QXPEHU RI 1
GHJUHHV RI IUHHGRP D OLQHDU V\VWHP  RI RUGHU 1 PXVW EH JHQHU
DWHG DQG VROYHG 6LQFH WKH PDWUL[ LV V\PPHWULF EXW QRW VSDUVH LWV
UHVROXWLRQ E\ PHDQV RI D GLUHFW PHWKRG UHTXLUHV 2 1    RSHUDWLRQV
0DWUL[ JHQHUDWLRQ UHTXLUHV 2 0  S    RSHUDWLRQV VLQFH S  VHULHV RI
FRQWULEXWLRQV RI W\SH  KDYH WR EH FRPSXWHG IRU HYHU\ SDLU RI
HOHPHQWV DQG DSSUR[LPDWHO\ KDOI RI WKHP DUH GLVFDUGHG EHFDXVH RI
V\PPHWU\
+HQFH PRVW RI FRPSXWLQJ HpRUW LV GHYRWHG WR PDWUL[ JHQHUDWLRQ
LQ VPDOOPHGLXP SUREOHPV ZKLOH OLQHDU V\VWHP UHVROXWLRQ SUHYDLOV
LQ PHGLXPODUJH RQHV ,Q WKHVH FDVHV WKH XVH RI GLUHFW PHWKRGV
IRU WKH OLQHDU V\VWHP UHVROXWLRQ LV RXW RI UDQJH 7KHUHIRUH LWHUDWLYH RU
VHPLLWHUDWLYH WHFKQLTXHV ZLOO EH SUHIHUDEOH 7KH EHVW UHVXOWV KDYH EHHQ
REWDLQHG E\ D GLDJRQDO SUHFRQGLWLRQHG FRQMXJDWH JUDGLHQW DOJRULWKP
ZLWK DVVHPEO\ RI WKH JOREDO PDWUL[ >@  7KLV WHFKQLTXH KDV WXUQHG
RXW WR EH H[WUHPHO\ HsFLHQW IRU VROYLQJ ODUJH VFDOH SUREOHPV ZLWK D
YHU\ ORZ FRPSXWDWLRQDO FRVW LQ FRPSDULVRQ ZLWK PDWUL[ JHQHUDWLRQ
2Q WKH RWKHU KDQG RQFH WKH OHDNDJH FXUUHQW KDV EHHQ REWDLQHG
WKH FRVW RI FRPSXWLQJ WKH HTXLYDOHQW UHVLVWDQFH LV QHJOLJLEOH 7KH
DGGLWLRQDO FRVW RI FRPSXWLQJ SRWHQWLDO DW DQ\ JLYHQ SRLQW QRUPDOO\
DW WKH HDUWK VXUIDFH E\ PHDQV RI  UHTXLUHV RQO\ 2 0 S  RSHUDWLRQV
VLQFH S VHULHV RI FRQWULEXWLRQV RI W\SH  KDYH WR EH FRPSXWHG IRU
HYHU\ HOHPHQW +RZHYHU LI LW LV QHFHVVDU\ WR FRPSXWH SRWHQWLDOV DW D
ODUJH QXPEHU RI SRLQWV LH WR GUDZ FRQWRXUV  FRPSXWLQJ WLPH PD\
DOVR EH LPSRUWDQW
+HQFH WKH qUVW FULWLFDO WLPHFRQVXPLQJ SURFHVV LV PDWUL[ JHQ
HUDWLRQ IROORZHG E\ FRPSXWDWLRQ RI SRWHQWLDO DW D ODUJH QXPEHU RI
SRLQWV 2EYLRXVO\ ERWK DFFHSW PDVVLYH SDUDOOHOL]DWLRQ 7KHUHIRUH LW
LV FOHDU WKDW FRPSXWLQJ WLPH FRXOG EH UHGXFHG XQGHU DFFHSWDEOH OHYHOV
HYHQ IRU H[WUHPHO\ ODUJH PRGHOV SURYLGHG WKDW WKH QXPEHU RI DYDLO
DEOH SURFHVVRUV LV KLJK HQRXJK LQ VSLWH RI WKH HsFLHQF\ ORVHV GXH WR
WKH GDWD WUDQVIHU RYHUKHDG DQG WKH V\VWHP DGPLQLVWUDWLRQ ZRUNORDG
 $ S S OLF D WLR Q WR D 3 U D F WLF D O & D VH
  ’ H VF U LS WLR Q R I WK H J U R X Q G LQ J V\ VWH P D Q G U H VX OWV
7KLV %(0 QXPHULFDO DSSURDFK KDV EHHQ DSSOLHG WR WKH JURXQG
LQJ DQDO\VLV RI D UHDO HOHFWULFDO LQVWDOODWLRQ WKH 6DQWLDJR ,, VXEVWDWLRQ
FORVH WR WKH FLW\ RI 6 D Q WLD JR G H & R P SR VWHOD LQ 6SDLQ 7KLV HDUWKLQJ
V\VWHP LV IRUPHG E\ D JULG RI  F\OLQGULFDO FRQGXFWRUV RI WKH VDPH
GLDPHWHU  PP EXULHG WR D GHSWK RI  FP VXSSOHPHQWHG ZLWK
 JURXQG URGV RI WKH VDPH OHQJWK  P DQG GLDPHWHU  PP  7KH
JURXQGLQJ V\VWHP SURWHFWV D WRWDO DUHD RI  P  7KH VWXGLHG DUHD
LV D ZLGHU VXSHULPSRVHG UHFWDQJXODU ]RQH RI d  P L H  
P   7KH *URXQG 3RWHQWLDO 5LVH *35 FRQVLGHUHG LQ WKLV VWXG\ LV
 N9 7KH SODQ RI WKH HDUWKLQJ JULG DQG WKH JHQHUDO GDWD ZHUH RE
WDLQHG IURP WKH JURXQGLQJ SODQV DQG VSHFLqFDWLRQV RI WKH VXEVWDWLRQ
SURYLGHG E\ WKH SRZHU FRPSDQ\ 8 Q LxR Q ) HQ R VD   7KH JULG KDV EHHQ
GLVFUHWL]HG LQ 0   OLQHDU OHDNDJH FXUUHQW HOHPHQWV ZKDW OHDGV
WR D SUREOHP ZLWK 1   GHJUHHV RI IUHHGRP 7KH DQDO\VLV RI WKLV
JURXQGLQJ V\VWHP LV SDUWLFXODUO\ GLsFXOW EHFDXVH WKH JULG LV HPEHG
GHG LQ ERWK OD\HUV ,Q FDVHV OLNH WKLV WKH GLpHUHQW H[SUHVVLRQV PXVW
EH DSSOLHG SURSHUO\ FRQVLGHULQJ WKH VLWXDWLRQ RI HDFK HOHFWURGH >@ 
)LJXUH  FRPSDUHV WKH SRWHQWLDO GLVWULEXWLRQV RQ WKH HDUWK VXU
IDFH REWDLQHG E\ PHDQV RI WKH KRPRJHQHRXV DQG LVRWURSLF VRLO PRGHO
EHLQJ WKH VRLO FRQGXFWLYLW\ r  oP DQG WKH SURSRVHG WZROD\HU
VRLO PRGHO EHLQJ WKH OD\HU FRQGXFWLYLWLHV r  oP DQG r  oP















) LJ   _ 6DQWLDJR ,, JURXQGLQJ V\VWHP 3RWHQWLDO GLVWULEXWLRQ RQ
WKH JURXQG VXUIDFH d  N9 FRPSXWHG E\ PHDQV RI WKH LVRWURSLF
VRLO PRGHO XS DQG WKH WZR OD\HU VRLO PRGHO GRZQ 
DQG EHLQJ WKH WKLFNQHVV RI WKH XSSHU OD\HU K P  7KH FRPSXWHG
YDOXHV RI WKH HTXLYDOHQW UHVLVWDQFH DQG WKH WRWDO IDXOW FXUUHQW RI WKH
JURXQGLQJ V\VWHP ZHUH 5HT o DQG , N$ LQ WKH FDVH RI WKH
XQLIRUP VRLO PRGHO DQG 5HT o DQG , N$ LQ WKH FDVH RI
WKH WZROD\HU VRLO PRGHO ,Q WKH SUHVHQWHG H[DPSOH ZH VKRZ WKDW WKH
UHVXOWV REWDLQHG E\ XVLQJ D PXOWLSOHOD\HU VRLO PRGHO FDQ EH QRWLFH
DEO\ GLpHUHQW IURP WKRVH REWDLQHG E\ XVLQJ D VLQJOH OD\HU VRLO PRGHO
7KHUHIRUH LW FRXOG EH DGYLVDEOH WR XVH PXOWLOD\HU VRLO IRUPXODWLRQV WR
DQDO\]H JURXQGLQJ V\VWHPV DV D JHQHUDO UXOH LQ VSLWH RI WKH LQFUHDVH
LQ WKH FRPSXWDWLRQDO HpRUW ,Q IDFW WKH XVH RI WKLV NLQG RI DGYDQFHG
PRGHOV VKRXOG EH PDQGDWRU\ LQ FDVHV ZKHUH WKH FRQGXFWLYLW\ RI WKH
VRLO FKDQJHV PDUNHGO\ ZLWK GHSWK
7KH XQLIRUP VRLO PRGHO UHVXOWV ZHUH REWDLQHG LQ UHDO WLPH LQ D
SHUVRQDO FRPSXWHU 7KH WZROD\HU PRGHO UHVXOWV ZKHUH REWDLQHG LQ D
)XM LWVX $3 VXSHUFRPSXWHU FRQqJXUHG ZLWK  QRGHV DW WKH & HQ 
WUR G H 6 X SHUFR P S X WD FLxR Q G H * D OLFLD &(6*$  7KH $3 V\VWHP
LV D GLVWULEXWHGPHPRU\ SDUDOOHO VHUYHU WKDW HPSOR\V ELW 8OWUD
63$5& ZRUNVWDWLRQV DV QRGH SURFHVVRUV FRQQHFWHG YLD XOWUDKLJK
VSHHG QHWZRUN $FWXDOO\  RI WKH  QRGHV DUH VLQJOH 8OWUD63$5&
,, SURFHVVRUV DW  0+] ZLWK  0E HDFK FRQqJXUHG IRU SDUDOOHO
SURFHVVLQJ ZKLOH WKH RWKHU  QRGHV DUH GRXEOH 8OWUD6SDUF ,, SURFHV
VRUV DW  0+] ZLWK  0E HDFK
7DEOH  VKRZV KRZ WKH FRPSXWLQJ WLPH DQG WKH VSHHGXS IDFWRU
FKDQJH DV WKH QXPEHU RI SURFHVVRUV LQFUHDVHV &RPSXWLQJ WLPH ZDV
QRW HYHU FRQWHPSWLEOH LQ VSLWH RI WKH LPSUHVVLYH SHUIRUPDQFH RI WKH
SDUDOOHO VHUYHU )XUWKHUPRUH WKLV NLQG RI VXSHUFRPSXWLQJ UHVRXUFHV
DUH QRW ZLGHVSUHDG DYDLODEOH IRU HQJLQHHUV DW WKH SUHVHQW PRPHQW WKH
EDVH $3 V\VWHP VWDUWHG DW 86  LQ   +RZHYHU WKH
VSHHGXS RI WKH DOJRULWKP LQFUHDVHG ZLWK WKH QXPEHU RI SURFHVVRUV
LQ DFFRUGDQFH ZLWK WKH WKHRUHWLFDO SUHGLFWLRQV DV ZH H[SHFWHG VLQFH
WKH VWUXFWXUH RI WKH DOJRULWKP DFFHSWV PDVVLYH SDUDOOHOL]DWLRQ
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$W SUHVHQW XQLIRUP VRLO PRGHOV IRU JURXQGLQJ DQDO\VLV UXQ LQ
UHDOWLPH LQ VLQJOH SURFHVVRU FRQYHQWLRQDO FRPSXWHUV 2Q WKH RWKHU
KDQG WKH XVH RI PRGHOV ZLWK D VPDOO QXPEHU RI VRLO OD\HUV EUHDNV Rp
WKH GHVLJQ SURFHVV VLQFH WKH FRPSXWLQJ WLPH LV QRW FRQWHPSWLEOH 
ZKLOH WKH XVH RI PRGHOV ZLWK D KLJKHU QXPEHU RI OD\HUV LV SUHFOXGHG
+RZHYHU LW FRXOG EH DGYLVDEOH RU HYHQ PDQGDWRU\ WR XVH D PXOWL
OD\HU VRLO PRGHO DV D JHQHUDO UXOH
7KH DXWKRUV KDYH GHYHORSHG D %(0 DSSURDFK IRU WKH DQDO\VLV
RI JURXQGLQJ V\VWHPV HPEHGGHG LQ VWUDWLqHG VRLOV WKDW DFFHSWV PDV
VLYH SDUDOOHOL]DWLRQ 7KH SURSRVHG IRUPXODWLRQ KDV EHHQ LPSOHPHQWHG
LQ D KLJKSHUIRUPDQFH SDUDOOHO FRPSXWHU +33&  DQG WKH FRGH KDV
EHHQ DSSOLHG WR WKH DQDO\VLV RI D UHDO JURXQGLQJ V\VWHP 7KH UHVXOWV
SURYH WKDW WKH SURSRVHG PXOWLOD\HU %(0 IRUPXODWLRQ ZLOO EHFRPH D
UHDOWLPH GHVLJQ WRRO LQ D FORVH IXWXUH DV KLJKSHUIRUPDQFH SDUDOOHO
FRPSXWLQJ EHFRPHV D ZLGHVSUHDG DYDLODEOH UHVRXUFH LQ HQJLQHHULQJ
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